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Abstract. Breakdown of the Einstein-Stokes relation in undercooled liquids is one of the unsolved problems in the theory of liquids. The self-diffusion coefficient follows the temperature dependence of the Einstein-Stokes equation r kT D η π 6 / = at high temperatures but only down to approximately 1.2T g (T g -glass-temperature). Below 1.2T g the temperature behavior of the diffusion coefficient is weaker than η / 1 . In the present study we show that this is a consequence of increasing correlations in the Brownian motion of the constituting particles of the liquid. We derive a relation, which includes the Einstein-Stokes equation as a limiting case for high temperatures.
1.Introduction
Glasses are disordered materials that lack the periodicity of crystals but behave mechanically like solids. The most common way of making a glass is by cooling a viscous liquid quickly to avoid crystallization. This process is called vitrification of supercooled liquids. Upon cooling below the melting point T m , molecular motion slows down. If a liquid is cooled sufficiently fast, crystallization can be avoided; molecules cannot adequately sample ordered configurations in the available time allowed by the cooling rate. The molecular structure of liquids therefore appears "frozen" on laboratory timescale (for example, minutes) at a temperature called the glass-transition temperature, T g . The characteristic relaxation time becomes of order of 100 seconds. The slower a liquid is cooled, the longer the time available for molecular ordering; consequently, the glass transition temperature increases with the cooling rate. For a review see Ref. [1] and related citations there. The properties of a supercooled liquid and its glass, therefore, depend on the way they are formed.
In the present study we are interested in mobility properties (diffusion, mobility and viscosity) of supercooled liquids. One of the most important differences between a "normal" liquid (a liquid at temperatures much above T g ) and a supercooled liquid (a liquid close to T g ) is the character of the relaxation process: a normal liquid is characterized by a simple exponential relaxation,
, while the relaxation in a supercooled liquid can often be described by the stretched exponential, or Kohlraush-Willams-Watts (KWW) two-time correlation function, [1] ,
Experimental and computational evidences indicate that this slow-down is related to the appearing of spatial heterogeneity [1] . Another interesting difference between a normal and supercooled liquid is the beak-down of the Stokes-Einstein relation between the translational diffusion coefficient and the macroscopic shear viscosity η. In low viscosity liquids, i.e. "normal" ones, the Stokes-Einstein
with k B the Boltzmann constant, T absolute temperature and r SE the Stokes-Einstein radius, usually holds. In supercooled liquids this relation often breaks down in sense that the diffusion coefficient becomes larger than the expected from η (equation (2)), for a fixed r SE [2] . Rotational correlation times on the other hand usually follow viscosity until the glass transition temperature is reached. Various explanations for this so called "translational enhancement" or "rotation-translation paradox" have been proposed as discussed for example in Refs. [2, 3] . In most approaches the difference between the translational diffusion coefficient and the rotational correlation times is attributed to different averages over the various correlation times in the (assumed) hetereogeneous liquid. In such models the slowly reorienting molecules dominate the rotational correlation times whereas the main contribution to the translational diffusion coefficient stems from the molecules in "fast" domains or regions of the sample. However, the very notion of dynamical heterogeneity of undercooled liquids is still a subject of discussion. The aim of the present paper is to give an explanation for the Stokes-Einstein relation break-down based on the theory of molecular mobility in liquids recently proposed by the author [4] .
The origin of the Stokes-Einstein relation and its break down in supercooled liquids
The internal friction, or shear viscosity, of a liquid manifests itself in motion of bodies through a liquid or in motion of the liquid itself through pipes or channels. Viscosity was originally introduced by Newton in his famous treatise Principa as a "lack of slipperiness":
where F is the force of internal friction, A is a constant, η is the dynamic viscosity coefficient, and u is the linear velocity with which the liquid particles move apart. More than 150 years ago, Stokes proposed an equation for the drag or frictional force F for a sphere of diameter d moving with constant velocity u in a fluid of shear viscosity η :
If now we formally reduce the diameter of the moving macroscopic particle, d, to sizes comparable to the size of molecules, then from Eq.(4) we get the frictional force exerted on a molecule moving with velocity u in the liquid:
where d πη µ
is molecular mobility. The limiting transition
is indeed correct when the viscosity remains the same for smaller and smaller portions of the liquid, i.e. Eq.(6) is accurate if the liquid is homogeneous (with the same viscosity) down to the molecular scale. In another words, if the "macroscopic" viscosity equals the "molecular" one, which can be, for example, easily introduced via velocity autocorrelation function, then Eq.(6) is valid. On the other hand, molecular mobility and the diffusion coefficient are related through the famous Einstein relation Local mobility (diffusivity) and viscosity can be introduced by the following way: due to the restricted radius of action of the potential of intermolecular interactions, a given molecule "feels" directly only its neighbors within a sphere of radius of the length of the potential. Thus a region of such a dimension determines the local mobility. The "macroscopic" mobility (or diffusion) is an average of the local mobility over the sample.
In our recent paper we obtained the following expression for the average mobility and diffusion coefficient:
where µ 0 is a constant of the substance,
is obtained by averaging over the parameters g and f of the potential wells of molecules, ..
. Critical temperature, T c , is the solution to the equation ) (
(9)
In explicit form the mobility is expressed as (11)
The diffusion coefficient is given by
(12) From Eqs.(6), and (12) we obtain Eqs.(10) and (12) can be easily transformed to describe the local mobility and diffusivity in the sample by replacing the global average with the local average of the quantity
for the corresponding local area. In contrast, the Stokes-Einstein relation, Eq.(13), which was obtained on the basis of the assumption
, is not valid because the assumption itself is not valid (on the left side we have a local quantity, on the right side a macroscopic one). Depending on the local value of
the atomic mobility can vary considerably within the sample, especially below approximately 1.2T g . I.e. the sample becomes both structurally and dynamically heterogeneous: fast (disordered) and slow (ordered) regions appear in the supercooled liquid. This is confirmed by several experiments and computations; for a review see Ref. [1] . In addition clusters can exchange their role: a fast region can become slow, and vice versa. The reason for the heterogeneity is that the more symmetric the molecular structure, the less the quantity
is. On the other side the local mobility and diffusivity follows
However, the macroscopic diffusion coefficient is not influenced as much by structural and dynamical heterogeneity. This can be shown on the basis of the classical model of Maxwell-Garnett for the effective diffusivity of a composite material. Let us consider the supercooled liquid as a composite material consisting of a mobile matrix, characterized by diffusion coefficient D 2 , and immobile clusters, characterized by diffusion coefficient D 1 . Then, according to the Maxwell-Garnett model the effective (macroscopic) diffusion is:
where Φ is the volume fraction of mobile clusters. Considering the worst case, D 1 =0, we get
Eq.(17) indicates that for small volume fractions of immobile clusters, which is valid for temperature close to the glass transition, the macroscopic diffusion coefficient is determined basically by the mobile part of the molecules. In contrast the macroscopic viscosity depends basically on the immobile clusters (mobile molecules are not "seen" by a moving body in the liquid -it basically meets the resistance of immobile clusters). Considerable change in the homogeneity of the undercooled liquid appears at 1 = m (or 0 µ µ = ), a characteristic mobility, which indicates the beginning of the "self-jamming" of the liquid state; the corresponding "self-jamming" temperature is
For most systems (18)
3.Conclusions
The major result of the paper is the derivation of a generalized Stokes-Einstein relation that is valid over a wider range of temperatures. Nevertheless the Stokes-Einstein relation is by definition an approximate relation, which is strictly valid for homogeneous liquids only, where the macroscopic transport coefficients are the same as the local ones. At high temperatures (above the jamming temperature, which is approximately 1.2T g ) liquids are homogeneous, therefore the Stokes-Einstein relation is observed. However, when the temperature decreases to the characteristic jamming temperature the local (molecular) viscosity may differ by orders of magnitude from the macroscopic one, which we measure experimentally, while the local and macroscopic diffusion coefficient differs much less; this leads to the breakdown of the Stokes-Einstein relation.
